Abstract: This paper is concerned with a new feedback control design methodology for vibration control of flexible structures by the wave control. In the wave control, controllers are usually designed to minimize the reflection coefficient based on the wave analysis. However, because the method utilizes the wave analysis directly, it has been mainly applied to simple uniform structures, and control design method with some other control objectives has not been established yet. In this paper, aiming to establish a control design method for more complex systems and more complex control design, we propose a method based on the impedance matching index, which represents the difference of the transfer functions between the closed system and the controller. The index is motivated by the wave analysis and control for the uniformly varying ladder networks, an electric circuit analogy of a class of mechanical systems. As a design example for vibration control of mechanical systems, optimal tuning of the passive damper and the dynamic absorber by the index is conducted in the numerical example.
INTRODUCTION
In recent years, active vibration control of flexible structures has been attracting great attention in many fields. In the vibration control, most techniques are based on the modal analysis, and control design based on the modal analysis is called the modal control (Balas (1978) ; Meirovitch et al. (1983) ). The modal control has shown efficiency for the vibration control of flexible structures, however, if the structures become more flexible and the number of the controlled modes increases, modeling and control design will be much more difficult.
On the other hand, the wave control is a technique based on the wave analysis, which is a similar concept to the impedance matching in the electric circuit theory (Vaughan (1968); von Flotow (1986) ). In the wave control, controllers are usually designed to eliminate/reduce the reflected wave at the boundary. Conceptually, elimination of the reflection can be realized by extending the structure from the boundary to the infinite. As we can imagine from this observation, wave controllers usually show robustness against modeling errors, and the controller designed for some length of the structure can be applied to other longer or shorter structures. From these characteristics, the wave control is expected to be effective for vibration control of lightly damping or large-scale structures composed of repeated substructures. However, because the method usually utilizes the wave analysis directly, it has been mainly applied to simple uniform structures such as uniform beams, wave guides, uniform damped mass-spring systems, etc. In addition, the system in the control design is composed of the secondary constants, possibly irrational functions of the Laplace operator, such as the propagation constant and the characteristic impedance (Karmel et al. (1998) ), instead of usual rational transfer functions such as the compliance and the mobility. Therefore, it is usually hard to handle additional control objectives represented by usual physical parameters or variables, and we need to tackle the analysis and synthesis problems with irrational transfer functions. There are some researches to handle more general or complex structures by considering the transfer functions, obtained from some calculation motivated by the wave analysis, as the secondary constants (MacMartin and Hall (1991) ; Matsuda et al. (1998)) In this paper, aiming to establish a control design method of the wave control for more complex systems and more complex control design, we propose a method based on the impedance matching index. The index is motivated by the wave analysis and control for the uniformly varying ladder networks (Nagase et al. (2005) ), and it represents the difference of the transfer functions between the closed system and the controller. The index is defined from rational transfer functions with usual physical parameters such as mass, damping coefficient, and spring constant, and we do not need to invoke the wave analysis explicitly to construct the index. Therefore, we can handle additional control objectives represented by usual physical parameters or variables by adding some inputs/outputs to the system, and we can even apply the index to non-uniformly varying or more complex structures. In the numerical example, as a design example for vibration control of mechanical systems, optimal tuning of the passive damper and the dynamic absorber by the index is conducted.
WAVE ANALYSIS AND CONTROL OF LADDER NETWORK
In this section, we briefly review the wave analysis and control of the ladder network shown in Fig. 1 (Nagase et al. (2005) ).
System configuration
In Fig. 1 (Anderson and Vongpanitlerd (1973) ). We assume that they satisfy the uniformly varying condition
where R + represents the set of real numbers.
By the mobility analogy (voltage↔velocity, current↔force correspondence; Konno (1980) ), the network is analogous to the mechanical system in Fig. 2 . In the figure, v ℓ (t) [m/s] represents the velocity at the junction of the right side of a mechanical system A ℓ analogous to the ladder network, and i ℓ (t) [N] represents the reaction force at the junction from the right side of the system. For example, when A ℓ is a RLC circuit in Fig. 3 (a) , the corresponding mechanical system is a damped mass-spring system in Fig. 3 (b) . Notice that the mobility analogy preserves the topology established in the electrical system, different from the common impedance analogy (voltage↔force, current↔velocity correspondence). In the following discussion, the argument s is omitted for notational simplicity.
Wave analysis
From the electric circuit theory, the recurrent formula of v ℓ (s) and i ℓ (s) with respect to ℓ is given by
where
Consider a transformation
and define (4), (2) is transformed to
Set
(8) Let λ 1 and λ 2 be the branches of the algebraic function (Ahlfors (1979) ) defined by (8), and construct the columns of T ℓ by the eigenvectors of A ℓ Q ℓ corresponding to λ 1 and λ 2 as
From (1) 
and thus Q ℓ defined by (5) satisfies (7). Notice also that the above variables are irrational functions of s in general from (8). By (9), (6) is diagonalized as
because T ℓ is composed of the eigenvectors of A ℓ Q ℓ .
From (1) and the positive real property of Z ℓ and Y ℓ , λ 1 and λ 2 defined by (8) satisfy the following conditions:
and λ 2 are independent of ℓ, where C + represents the set of complex numbers with positive real part. The uniformly varying condition (1) is equivalent to the condition that the recurrent formula (2) can be diagonalized and its diagonal elements satisfy (a)-(c) (Ojima et al. (2002) ; Nagase et al. (2005) ). (12) can be regarded as the traveling waves toward the negative and positive directions in constant speed with respect to ℓ (Ojima et al. (2002) ). In the circuit theory, λ 1 and λ 2 are called the propagation constants, and Z − ℓ and Z + ℓ are called the characteristic impedances (Karmel et al. (1998) (Nagase et al. (2005) ).
Wave control
Consider terminating the right end of the circuit by the (4), (9) and (13), the reflection coefficient at the right end is given by
Therefore, if we set
we can eliminate the reflected wave by the controller. The controller (15) derived through this process is most typical controller in the wave control.
As we can see from the above discussion, the secondary constants can be regarded as the system to design the controller. In addition, only the voltage (velocity) and the current (force) at the right end appear in the control design. Consequently, the control design will be somewhat involved if we need to consider some other additional control objectives represented by usual physical parameters or variables, such as parameter errors of mass, damping coefficient, and spring coefficient; controlled variables represented by acceleration, velocity, and displacement of the intermediate masses.
CONTROL DESIGN BASED ON IMPEDANCE MATCHING INDEX
In this section, we investigate the closed loop property of the controller (15), and propose the impedance matching index as a new design index for the wave control.
Impedance matching for single-ladder network
In this subsection, we only consider the single-ladder network A n , and investigate the closed loop property controlled by (15).
By interchanging the inputs and outputs of (2), we get
The closed loop transfer function from v n−1 to i n−1 can be calculated by the linear fractional transformation F L (·, ·) (Zhou (1998) ) as
(see Fig. 4 ). Notice that (18) represents the admittance of the ladder network at the (n−1)th port seen from the left.
Motivated by the uniformly varying condition 1/Z + n = a/Z + n−1 of the controller (15), consider a matching condition between the admittances at the nth and (n − 1)th ports as
In this study we call (19) the impedance matching condition. (Although (19) is a condition for the admittances, we use this terminology here since the word impedance matching is widely used to describe equivalence of dynamical properties of electric networks.)
As described in the previous section, the characteristic impedances are defined by (10). Substituting λ 1 and λ 2 in (10) to (8), and setting ℓ = n, we get
Comparing the above equations with the numerator of (19), we see that
n are the solutions of (19). In other words, we can also define the controller (15) as a branch of the algebraic function defined by (19). Since Z + n and Z − n are positive real functions, 1/Z + n is a branch of (19) locating in C + for s ∈ C + . In this subsection, we extend our previous results to the multi-ladder network.
Impedance matching for multi-ladder network
Consider the right side of the ℓth port of the ladder network, and apply the controller (15). Let T ℓn be the transfer function of the network with the inputs v ℓ , i n and the outputs i ℓ , v n . Then T ℓn can be represented by the star product S P (·, ·) (Zhou (1998) ) as 
The transfer function F L ( T ℓn , K ) represents the admittance of the circuit at the ℓth port seen from the left.
The impedance matching condition motivated by the uniformly varying condition of (15) is
From the previous subsection, since K = 1/Z + n is a solution of (19) and 1/Z + n satisfies (11), we get
(23) From the derivation process, (23) is valid for all ℓ. Applying the equations to (21) repeatedly, we get
This means that 1/Z + n is a solution of (22). In other words, the controller (15) can be defined as a branch of the algebraic function defined by (22).
Impedance matching index
From the above discussion, one possible way to determine the wave controller (15) is to minimize some norm of (22). Because the impedances/admittances are usually evaluated in the frequency domain, we choose the H ∞ norm and consider the following minimization problem for the control design of the wave control min
We call the index in (25) the impedance matching index, and call the minimization problem the impedance matching problem.
Notice that the system T ℓn in the above control design is an ordinary rational transfer function of s with ordinary physical parameters. The remarkable features of the method are: (i) We do not need to utilize the wave analysis explicitly to construct the index, and do not need to treat the secondary constants.
(ii) We can handle additional control objectives represented by usual physical parameters or variables, by adding some inputs/outputs to the system T ℓn .
(iii) We can apply the index to non-uniformly varying or more complex systems, as far as T ℓn can be defined.
Notice that there exits a quadratic term of K in the numerator of (22), because it is the difference between a linear fractional transformation and the controller. Therefore, we can not apply the standard H ∞ control algorithm (Zhou (1998) ), which treats the problems with a single linear fractional transformation. Although it is very interesting to establish a design algorithm for the impedance matching problem, we next examine the effect of the index by a numerical example as a first step.
NUMERICAL EXAMPLE

System configuration
In this section, we consider vibration control of a mechanical system shown in Fig. 6 . The system is composed of the primary masses m ℓ [kg] and the auxiliary masses m a ℓ [kg] connected to m ℓ . This system is a mechanical analogy of the ladder network with (Ojima et al. (2002) )
In this simulation, we consider the system with n = 10 and a = 0.9 (10-mass system getting smaller to the right), and set m 1 = 1 For the actuator, a passive damper in Fig. 7 (a) and a dynamic absorber in Fig. 7 (b) are considered. Each actuator is connected to the right end of the system, and the transfer functions of the actuators are given by
The left end ℓ = 0 is selected as the the position of the impedance matching index (25) to include the whole dynamics in the index. The parameters of the actuator are optimized over R + by using the sequential quadratic programming method (Luenberger and Ye (2008) ). 
Results for passive damper (a)
In this subsection, the passive damper (26) is considered. Notice that we can only adjust the gain in this case.
Preprints of the 18th IFAC World Congress Milano (Italy) August 28 -September 2, 2011 Figure 8 shows the bode plots of the optimized controller K (dashed line), the closed loop system (a n F L (T 0n , K); solid line), and the open loop system (a n F L (T 0n , 0); dashdotted line). We see that both the gains of K and a n F L (T 0n , K) are adjusted to be close to each other. In addition, as shown in Fig. 9 , the gain of K is relatively close to that of the controller (15) derived from the reflection coefficient around the interval 0.5∼20 [rad/sec] , where the vibration modes densely exist. To examine the efficiency for the vibration control of the system, Fig. 10 shows the gain plots of the transfer functions from the disturbance to the displacement at the 1st (w 1 → x 1 ; the upper figure) and 10th (w 10 → x 10 ; the lower figure) floors. Compared to the gains without control (dashed line), the peak gains with control (solid line) are effectively suppressed at the both floors over the whole frequency range. Notice that strong damping at the right end will result in the situation like the fixed end, and the control performance will be poor at the other floors.
Results for dynamic absorber (b)
In this subsection, the dynamic absorber (27) is considered. Considering the actual situation, the mass m T is fixed at m T = 0.1[Kg] (10[%] of m 1 ), and only the parameters d T , k T are optimized. Notice that K could have high peak gain at the resonant frequency if we choose small d T , however, the gain of K in such situation will be small in high frequency range because K(j∞) = d T from (27). Figure 11 shows the bode plots of the optimized controller (dashed line), and the open (dash-dotted line) and the closed (solid line) loop systems. We see that the gain of K is adjusted to keep some level in wide frequency range after the 1st resonant frequency. Figure 12 shows the gain plots of the transfer functions from w 1 to x 1 (upper figure), and from w 10 to x 10 (lower figure) . The controller seems to reduce the peaks of the gain over the whole frequency range to some level, instead of strongly suppressing the peak gain of a particular mode. (--) based on the modal analysis (K mode ; den Hartog (2008)). The 1st mode is selected as the controlled mode, and the gain plots of the transfer functions from w 1 to x 1 , and from w 10 to x 10 are shown in Fig. 13 . Owing to the fact that K mode (dash-dotted line in the upper figure) is tuned to have a peak at the 1st mode frequency, only the 1st mode is strongly suppressed. Figure 14 shows the impulse response of the masses (m 1 , m 5 , m 10 , and m a10 ) disturbed at the 1st floor, controlled by K (solid line) and K mode (dashed line). We see that the vibration for K is vanished faster than that for K mode at the all floors, because we excite all the modes by the impulse input. The above characteristics of K are similar to those of the traditional wave controllers.
Finally, optimal tuning for the system not categorized in the uniformly varying ladder networks is considered. For the purpose, we consider the additional springs k s = 10[N/m] connecting m a ℓ−1 and m ℓ (ℓ = 2, · · · , n) in Fig.  6 . The control effect is shown in Fig. 15 . We see that the method is still effective even for the perturbed system.
CONCLUSION
The impedance matching index was introduced for the control design of the wave control. The index was motivated by the wave analysis of the ladder network, and it was defined by the H ∞ norm of the difference of the transfer functions of the closed loop system and the 
